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Abstract
In this article, our aim is to prove Hardy’s inequality in power-type weighted Lp(·)(0,∞) spaces by
obtaining regularity condition on the exponents p(·), q(·) and α(·) defined at every point of the domain of
test function with u(0) = 0 (or vanishing at infinity) under the log-Hölder continuity conditions at the origin
and infinity.
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1. Introduction
Over the last decades the variable exponent Lebesgue space Lp(·) and the corresponding
Sobolev space Wm,p(·) have been a subject of active research stimulated by development of
the studies of problems in elasticity, fluid dynamics, calculus of variations, and differential equa-
tions with p(x)-growth [17,20]. In particular, a great deal of effort has been given to determine
sufficient conditions on the exponent function p(·) for the Hardy–Littlewood maximal operator
to be bounded on Lp(·)(Ω) [2,3,14,16]. We refer to [5,7,10] for fundamental properties of these
spaces, to [1,4] for Sobolev type inequalities and to [8,9,11,18,19] for Hardy type inequalities.
✩ This work was supported by Grant No. 04 FF 40 of Dicle University of Research Project coordination (DUAPK),
Turkey.
* Corresponding author.
E-mail address: mrabil@dicle.edu.tr (R.A. Mashiyev).0022-247X/$ – see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2006.12.043
290 R.A. Mashiyev et al. / J. Math. Anal. Appl. 334 (2007) 289–298The Hardy inequality is an indispensable tool if we desire to deduce imbedding theorems for
weighted Sobolev space. Classical Hardy inequality in power-type weighted Lebesgue space,
a special case of generalized Hardy’s inequality, see for instance, [12, Theorem 1.3], [15], is
∥∥xα− 1p′ − 1q u(x)∥∥
q
C
∥∥xαu′(x)∥∥
p
(1)
where 1 < p  q < ∞, αp′ < 1 (αp′ > 1), u(x) is an absolutely continuous function on [0,∞)
and u(0) = 0 (or vanishing at infinity).
Kokilashvili and Samko [9] got the boundedness of weighted Hardy type operators by us-
ing boundedness of the weighted maximal operators and imbedding theorem, in the spaces
L
p(·)
ρ (0, ) over a finite interval in the one-dimensional case with an exponent satisfying the log-
Hölder condition and p(x) p(0) at an arbitrary small neighborhood of the origin. The similar
result was proved for a bounded domain with a different method, under a regularity condition on
the exponent only at the origin by Harjulehto, Hästö and Koskenoja [8]. In their study, they ob-
served that the sup in the log-Hölder condition might be replaced by limsup and only considered
the case q(x) = p(x) > 1, where the test function satisfies u(0) = 0.
Samko [19] proved a Stein–Weiss-type generalization of Hardy type inequality for the
Lebesgue space Lp(·)(Ω) with variable exponent p(·), in case of bounded domains Ω .
Integral-type necessary conditions and sufficient conditions for the boundedness/compactness of
weighted Hardy operators are derived in the spaces Lp(x) as in the classical Lebesgue spaces [6].
In this article, our aim is to prove Hardy’s inequality in power-type weighted Lp(·)(0,∞)
spaces by obtaining regularity condition on the exponents, p(·), q(·) and α(·) defined at every
point of the domain of test function with u(0) = 0 (or vanishing at infinity). The rest of this paper
is organized as follows: Firstly, we introduce some notations and present basic results from the
theory of variable exponent Lebesgue space; then, we prove Hardy’s inequality in power-type
weighted Lp(·)(0,∞).
2. Definitions
Let p : (0,∞) → [1,∞) be a measurable function called the variable exponent on (0,∞).
We write p+ := supx∈(0,∞) p(x) and p− := infx∈(0,∞) p(x). We define the variable exponent
Lebesgue space Lp(·)(0,∞) to consist of measurable functions f : (0,∞) → R such that the
modular Ip(f ) :=
∫∞
0 |f (x)|p(x) dx is finite. If p+ < ∞, then ‖f ‖p(·) = inf{λ > 0: Ip(fλ ) 1},
defines a norm on Lp(·)(0,∞). This makes Lp(·)(0,∞) a Banach space. Moreover, if ‖f ‖p(·)  1
and only if Ip(f ) 1. If p is constant, then Lp(·) coincides with the classical Lebesgue space Lp.
The variable exponent Lebesgue space is a special case of Orlicz–Musielak spaces treated by
Musielak [13]. Further let W 1,p(·)(0,∞) denote the space of measurable functions such that f
and f ′ are in W 1,p(·)(0,∞). The norm ‖f ‖1,p(·) = ‖f ‖p(·) + ‖f ′‖p(·) makes W 1,p(·)(0,∞) a
Banach space.
Throughout this paper, all functions are measurable real-valued functions defined on [0,∞).
Moreover, we will use C and Ci as generic constants, i.e. its value may change from line to line.
The exponent p :Ω → [1,∞) is called (locally) log-Hölder continuous if there exists a constant
such that
−∣∣p(x) − p(y)∣∣ log |x − y| C, (2)
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weak-Lipschitz. The exponent p(·) is called global log-Hölder continuous if it is locally log-
Hölder continuous and there exists a constant C > 0 such that∣∣p(x) − p(y)∣∣ log(e + |x|) C, (3)
for every x, y ∈ Ω , |y|  |x| at infinity. Condition (3) implies that there is some number p∞
such that p(x) → p∞ as |x| → ∞, and this limit holds uniformly in all directions. Under
global log-Hölder continuity condition and assumption 1 < p−  p(x) p+ < ∞, Cruz-Uribe,
Fiorenza and Neugebauer proved that the Hardy–Littlewood maximal operator is bounded from
Lp(·)(Rn) to itself [2, Theorem 1.5]. In the local case this result was first derived by Diening [3].
Nekvinda [14] has given another global version of the boundedness result, using a decay condi-
tion stated in terms of an integral.
By putting the regularity condition on the exponent at every point of interval [0,∞) and infin-
ity, one can find a sufficient condition for an analogue of Hardy type inequalities from inequalities
connected with maximal functions in [1–3,14].
In the one-dimensional case, for Hardy type operators, (locally) log-Hölder condition may be
replaced by a condition at the origin in contrast to the maximal operator [9]. We say that the
exponent p : (0,∞) → [1,∞) is log-Hölder continuous at the origin and infinity if there exist
constants Ci > 0 (i = 1,2) such that∣∣p(x) − p(0)∣∣ log 1
x
 C1, 0 < x 
1
2
, (4)
and ∣∣p(x) − p∞∣∣ log(e + x) C2, x ∈ (0,∞), (5)
where p(0) and p∞ ∈ [1,∞).
Since our main aim is the generalization of the following result due to Harjulehto, Hästö and
Koskenoja [8], first, we present their result and a lemma about fundamental properties of Lp(·)
which we need in the next section.
Theorem 1. (See [8, Theorem 5.3].) Let I = [0,M) for M < ∞, p : I → [1,∞) be bounded,
p(0) > 1 and
lim sup
x→0+
(
p(x) − p(0)) log 1
x
< ∞
and p−
(0,x0) = p(0) for some x0 ∈ (0,1). If a ∈ [0,1 − 1p(0) ), then Hardy’s inequality∥∥∥∥ u(x)x1−a
∥∥∥∥
p(x)
 C
∥∥xau′(x)∥∥
p(x)
holds for every u ∈ W 1,p(·)(I ) with u(0) = 0.
Lemma 2. (See, e.g., [7,10].) Let p(·) be measurable exponent such that 1  p−  p(x) 
p+ < ∞ and let Ω be a measurable set in Rn. Then,
(i) ‖f ‖p(·) = λ = 0 if and only if Ip(fλ ) = 1.(ii) ‖f ‖p(·) < 1 (= 1; > 1) ⇔ Ip(f ) < 1 (= 1; > 1).
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‖f ‖p+p(·)  Ip(f ) ‖f ‖p
−
p(·), ‖f ‖p(·)  1,
‖f ‖p−p(·)  Ip(f ) ‖f ‖p
+
p(·), ‖f ‖p(·)  1,
hold.
(iv) The generalization of Hölder’s inequality∣∣∣∣
∫
Ω
f (x)ϕ(x) dx
∣∣∣∣ 2‖f ‖p(·)‖ϕ‖p′(·)
holds, where p′(x) = p(x)
p(x)−1 .
3. Main results
In this section, we consider the problem of the extension of the Hardy inequality, well known
for the usual Lebesgue spaces with constant p, to the case of variable p(·). Such inequalities with
variable p(·) have already been known α = constant and q(x) = p(x) > 1 on a finite interval in
the one-dimensional case. We made an attempt to prove, for variable p(·) and α(·), the Hardy
inequalities in the one-dimensional case for the infinite half-axis (0,∞) under the log-Hölder
continuity conditions at the origin and infinity without the assumption p(0) p(x).
Theorem 3. Let p(·), q(·) and α(·) be log-Hölder continuous at the origin and infinity. If
δ := 1 − α+(p−)′ > 0 (6)
where 1 < p−  p(x) q(x) q+ < ∞ and −∞ < α−  α(x) < ∞ for x ∈ (0,∞), then there
exists a constant C > 0, depending on only δ, C1, C2, p−, q+ and α−, such that∥∥xα(x)− 1p′(x)− 1q(x) u(x)∥∥
q(x)
 C
∥∥xα(x)u′(x)∥∥
p(x)
(7)
for every absolutely continuous function u on [0,∞) with u(0) = 0.
In order to prove the theorem the following two lemmas are required. We denote p−x,n =
min{p(x), inft∈Ωx,n p(t)} and p+x,n = max{p(x), supt∈Ωx,n p(t)} where Ωx,n = (2−n−1x,2−nx],
n ∈ N.
Lemma 4. Let p : (0,∞) → [1,∞) be log-Hölder continuous at the origin with 1 < p− 
p+ < ∞ and α(·) be an arbitrary bounded function and be log-Hölder continuous at the ori-
gin too. Then we get
(a) x
p
−
x,n−p(x)
p
−
x,n  e
3C1
p− + 2(
p+
p− −1)
,
(b) x(α(x)−α+x,n)  e2C1 + 2(α+−α−),
for any x ∈ [0,∞).
Proof. (a) Supposing that p−x,n = p(x) for any x ∈ [0,∞), then, we can write
p−x,n  p(y) <
C1
log 1
(8)x
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choosing y, we get∣∣p−x,n − p(0)∣∣ ∣∣p−x,n − p(y)∣∣+ ∣∣p(y) − p(0)∣∣ C1log 1
x
+ C1
log 1
y
 2C1
log 1
x
.
Again, by using the condition (4), we obtain∣∣p−x,n − p(x)∣∣ ∣∣p−x,n − p(0)∣∣+ ∣∣p(x) − p(0)∣∣ 3C1log 1
x
.
Therefore,
x
p
−
x,n−p(x)
p
−
x,n 
(
1
x
) p(x)−p−x,n
p−

(
1
x
) 3C1
p− log 1x = e
3C1
p− .
Now, let x  12 , then
x
p
−
x,n−p(x)
p
−
x,n = x1−
p(x)
p
−
x,n  2
p+
p− −1.
This proves (a). The proof of (b) is similar to (a) above. 
Lemma 5. Let p : (0,∞) → [1,∞) be log-Hölder continuous at infinity with 1 < p−  p+ < ∞.
Then we get(
1 + t2)p(t)−p−x,n  2p+−p−(e8C2 + 1)
for any x ∈ [0,∞).
Proof. Let us start to estimate the term p(t) − p−x,n for t ∈ Ωx,n, x > 0,∣∣p(t) − p−x,n∣∣ ∣∣p−x,n − p∞∣∣+ ∣∣p(t) − p∞∣∣.
Now, let p−x,n = p(x) and x be fixed, x ∈ Ωx,n. Then we can write
p−x,n  p(y) < p−x,n +
C2
log(e + t) (9)
from the definition of p−x,n for ∃y ∈ Ωx,n, where y depends on t, x and n. Since p(·) is log-Hölder
continuous at infinity and by using the inequality (9), we get∣∣p−x,n − p∞∣∣ ∣∣p−x,n − p(y)∣∣+ ∣∣p(y) − p∞∣∣ C2log(e + t) + C2log(e + y) .
On the other hand, we can write
C2
log(e + y) 
2C2
2 log(e + t2 )
= 2C2
log(e + t2 )2
 2C2
log(e + t)
for t2 < y < 2t . Therefore, we get∣∣p−x,n − p(t)∣∣ 4C2log(e + t)
for p−x,n = p(x).
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 C2
log(e + x) +
C2
log(e + t)
 2C2
log(e + t) .
Hence(
1 + t2)p(t)−p−x,n  (2t2)p(t)−p−x,n  2p+−p− t 8C2log(e+t)  2p+−p−e8C2
for t > 1. The required result is readily obtained. 
Proof of Theorem 3. As there is a relation between monotone function ϑ with ϑ(0) = 0 and an
arbitrary absolutely continuous function u with u(0) = 0,
ϑ(x) :=
x∫
0
∣∣u′(t)∣∣dt 
∣∣∣∣∣
x∫
0
u′(t) dt
∣∣∣∣∣ ∣∣u(x)∣∣,
it suffices to prove the theorem for monotone functions.
Without loss of generality, we assume that ‖xα(x)u′(x)‖p(x) = 1. Denote σ(x) := α(x) −
1
p′(x) − 1q(x) . Then, we need to show that there exists a constant C independent of monotone
function u such that∥∥xσ(x)u(x)∥∥
q(x)
C. (10)
From Minkowski’s inequality, we can write
∥∥xσ(x)u(x)∥∥
q(x)
=
∥∥∥∥∥
[
m∑
n=0
(
u
(
x
2n
)
− u
(
x
2n+1
))
+ u
(
x
2m+1
)]
xσ(x)
∥∥∥∥∥
q(x)

m∑
n=0
∥∥∥∥
[
u
(
x
2n
)
− u
(
x
2n+1
)]
xσ(x)
∥∥∥∥
q(x)
+
∥∥∥∥u
(
x
2m+1
)
xσ(x)
∥∥∥∥
q(x)
=
m∑
n=0
∥∥∥∥∥xσ(x)
2−nx∫
2−n−1x
∣∣u′(t)∣∣dt
∥∥∥∥∥
q(x)
+
∥∥∥∥u
(
x
2m+1
)
xσ(x)
∥∥∥∥
q(x)
(11)
where m ∈ N. Now, let us estimate both of the norms in the last expression. For the first norm,
by considering Lemma 2 we will show that
J :=
∞∫
0
xσ(x)q(x)
( ∫
Ωx,n
∣∣u′(t)∣∣dt)q(x) dx  C.
Applying Hölder inequality, we have∫
Ω
∣∣u′(t)∣∣dt  ∫
Ω
tα
+
x,n
∣∣u′(t)∣∣t−α+x,n dtx,n x,n
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( ∫
Ωx,n
∣∣tα+x,nu′(t)∣∣p−x,n dt) 1p−x,n ( ∫
Ωx,n
t−α+x,n(p−x,n)′ dt
) 1
(p
−
x,n)
′
where (p−x,n)′ is conjugate of (p−x,n) and α+x,n = max{α(x), supt∈Ωx,n α(t)}. From the condi-
tion (6) we have∫
Ωx,n
t−α+x,n(p−x,n)′ dt  C(δ)
(
2−nx
)1−α+x,n(p−x,n)′
where C(δ) > 0 is independent of x and u. On account of the last inequality, we have
J C3
∞∫
0
xσ(x)q(x)
(
2−nx
)γ (x)( ∫
Ωx,n
∣∣tα+x,nu′(t)∣∣p−x,n dt)
q(x)
p
−
x,n
dx (12)
where γ (x) = (1−α+x,n(p−x,n)′)q(x)
(p−x,n)′
. Since
γ (x) = (1 − α+x,n)q(x) − q(x)p(x) + p
−
x,n − p(x)
p−x,n
q(x)
p(x)
,
by using Lemma 4, we obtain
xσ(x)q(x)
(
2−nx
)γ (x)  x−1x p
−
x,n−p(x)
p
−
x,n
q(x)
p(x)
x(α(x)−α+x,n)q(x)2−nδ(p−−1)
 C4
x
2−nδ(p−−1)
where C4 > 0 depends on only C1, δ, p−, q+, α− and α+. Hence, we can write from (12)
J 
∞∫
0
C5
x
2−nδ(p−−1)
( ∫
Ωx,n
∣∣tα+x,nu′(t)∣∣p−x,n dt)
q(x)
p
−
x,n
dx. (13)
Now, let G(t) = 11+t2 , t > 0. Since α(·) is log-Hölder continuous at infinity and by using
Lemma 5, we have∫
Ωx,n
∣∣tα+x,nu′(t)∣∣p−x,n dt = ∫
Ωx,n
∣∣∣∣ tα
−
x,nu′(t)
G(t)
∣∣∣∣
p−x,n
G(t)p
−
x,n dt

∫
Ωx,n
(∣∣tα+x,nu′(t)∣∣p(t)G(t)p−x,n−p(t) + G(t)p−)dt

∫
Ωx,n
(∣∣tα+x,nu′(t)∣∣p(t)C6 + G(t))dt
 C7
∫
Ωx,n
∣∣tα(t)u′(t)∣∣p(t) dt + ∫
Ωx,n
G(t) dt
 C7 + π = C82
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Ωx,n
∣∣tα+x,nu′(t)∣∣p−x,n dt)
q(x)
p
−
x,n =
(
1
C8
∫
Ωx,n
∣∣tα+x,nu′(t)∣∣p−x,n dt)
q(x)
p
−
x,n
C
q(x)
p
−
x,n
8
 C
q+
p− −1
8
( ∫
Ωx,n
∣∣tα+x,nu′(t)∣∣p−x,n dt)
 C9
( ∫
Ωx,n
(
C7
∣∣tα(t)u′(t)∣∣p(t) + G(t))dt). (14)
From the inequalities (13) and (14), by using Fubini’s Theorem, we have
J 
∞∫
0
C10
x
2−nδ(p−−1)
(
C7
∫
Ωx,n
∣∣tα(t)u′(t)∣∣p(t) dt + ∫
Ωx,n
G(t) dt
)
dx
 C102−nδ(p
−−1)
∞∫
0
(
C7
∫
Ωx,n
∣∣tα(t)u′(t)∣∣p(t) dt + ∫
Ωx,n
G(t) dt
)
dx
x
= C102−nδ(p−−1)
( ∞∫
0
(
C7
∣∣tα(t)u′(t)∣∣p(t) + G(t))
( 2n+1t∫
2nt
dx
x
)
dt
)
= C102−nδ(p−−1) log 2
(
C7
∞∫
0
∣∣tα(t)u′(t)∣∣p(t) dt +
∞∫
0
G(t) dt
)
= C112−nδ(p−−1),
where C11 = C10(C7 + π2 ) log 2. Since p− > 1, by using Lemma 2, we have∥∥∥∥∥xσ(x)
2−nx∫
2−n−1x
∣∣u′(t)∣∣dt
∥∥∥∥∥
q(x)
C122−nδ1
where C12 > 0 and δ1 > 0 are independent of n and u. From the inequality (11) we obtain
∥∥xσ(x)u(x)∥∥
q(x)

m∑
n=0
C122−nδ1 +
∥∥∥∥u
(
x
2m+1
)
xσ(x)
∥∥∥∥
q(x)
. (15)
In accordance with our assumption and Lebesgue Theorem as m → ∞, we obtain∣∣∣∣xσ(x)u
(
x
2m+1
)∣∣∣∣
q(x)

∣∣xσ(x)u(x)∣∣q(x) ∈ L1(0,∞)
and
∞∫ (
xσ(x)u
(
x
2m+1
))q(x)
dx → 0.0
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(
x
2m+1
)∥∥∥∥
q(x)
→ 0 (16)
as m → ∞. Taking (16) into consideration in the expression (15) as m → ∞, we get
∥∥xσ(x)u(x)∥∥
q(x)

∞∑
n=0
C122−nδ1 = C13.
Theorem 3 is proved. 
Remark 6. It is clear from the proof of Theorem 3, it is sufficient to satisfy the log-Hölder
continuity condition in any neighborhood of the origin and infinity, namely the condition (4) in
the interval (0, x0) and the condition (5) in the interval (x1,∞), where x0 and x1 are constant
number, respectively. In this case, the constant C in Theorem 3 depends on also the constants x0
and x1.
Theorem 7. Let p(·), q(·) and α(·) be log-Hölder continuous at the origin and at infinity. If
δ2 := α−
(
p+
)′ − 2 + (p+)′
(p−)′
> 0, (17)
where 1 < p−  p(x)  q(x)  q+ < ∞ and 0 < α(x)  α+ < ∞ for x ∈ [0,∞), then there
exists a constant C > 0, depending on δ2, C1, C2, p−, q+ and α+ such that∥∥xα(x)− 1p′(x)− 1q(x) u(x)∥∥
q(x)
C
∥∥xα(x)u′(x)∥∥
p(x)
(18)
for every absolutely continuous function u on [0,∞) with u(∞) = limx→∞ u(x) = 0.
Proof. Let f : (0,∞) → R be a function. Denote f˜ (x) = f ( 1
x
). Via changing of the variable, it
is easy to write∥∥f (x)∥∥
p(x)
= ∥∥t −2p(t) f˜ (t)∥∥
p˜(t)
(19)
for the norm Lp(x) of the function f . Hence, we can write
∥∥xσ(x)u(x)∥∥
q(x)
= ∥∥t −1q˜(t)−α˜(t)+ 1p˜′(t) u˜(t)∥∥
q˜(t)
= ∥∥tβ(t)− 1p˜′(t)− 1q˜(t) u˜(t)∥∥
q˜(t)
, (20)
where β(t) = 2
p˜′(t) − α˜(t). Since p(·), q(·) and α(·) are log-Hölder continuous function at the
origin and infinity, so are p˜(·), q˜(·) and β(·). It is easy to see that
δ2 = 1 − β+
(
p˜−
)′
> 0
from the condition (6). Therefore, from equality (20) by the help of Theorem 3, we get∥∥xσ(x)u(x)∥∥
q(x)
 C
∥∥tβ(t)u˜′(t)∥∥
p˜(t)
(21)
where the constant C depends on the constants δ2, β−, p˜−, q˜+, C1 and C2.
298 R.A. Mashiyev et al. / J. Math. Anal. Appl. 334 (2007) 289–298Consequently, by means of the equality (19) we see that the norm in the right-hand side of
inequality (21) coincides with
C
∥∥xα(x)u′(x)∥∥
p(x)
.
This proves Theorem 7. 
Corollary 8. Let p(·) and α(·) be log-Hölder continuous at the origin and at infinity. If the con-
dition (17) fulfilled where 1 < p−  p(x) p+ < ∞ and 0 < α(x) α+ < ∞ for x ∈ [0,∞),
then there exists a constant C > 0, depending on δ2, C1, C2, p−, p+ and α+ such that∥∥xα(x)−1u(x)∥∥
p(x)
 C
∥∥xα(x)u′(x)∥∥
p(x)
(22)
for every absolutely continuous function u on [0,∞) with u(∞) = 0.
Proof. The proof can be obtained from Theorem 7 directly. 
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